Holographic correspondence is used to study properties of dS 4 vacuum of mass de- This led to precision tests of holography for the partition function of N = 2 * gauge theory and the expectation value of its supersymmetric Wilson loop. We present the holographic prediction for the entropy density of the de Sitter vacuum of the theory. The challenge remains to understand this quantity, its physical origin, from the supersymmetric localization.
Introduction
The fundamental problem is understanding the current accelerated expansion of the Universe [1, 2] . A positive cosmological constant is the most straightforward explanation, however it implies that we live in (asymptotically) de Sitter space-time. Whether or not de Sitter vacua are consistent in quantum gravity (String Theory) is an active area of research [3, 4] .
In this paper we do not study quantum de Sitter gravity, rather, we focus on a much simpler problem -unambiguous 1 signatures of a QFT in classical de Sitter background space-time. An observable of interest here is the entropy density of a QFT in de Sitter vacuum. We begin reviewing the argument, established in the context of Maldacena duality [5, 6] in [7] , that a non-conformal gauge theory in de Sitter space-time (flat or closed spatial slicing), where a = e Ht or a = cosh(Ht)/H is the scale factor. The rate R, unlike the stressenergy tensor of the theory, is renormalization scheme unambiguous. It depends on QFT scales (physical mass parameters and relevant renormalizable coupling constants)
breaking the conformal invariance; furthermore, in the limit where the scale invariance is restored, Even though the late-time de Sitter state can be assigned (from the holographic perspective) a Hawking temperature
5)
s ent can not be a thermal entropy of the QFT at T = T dS . This is evident from the fact (using (1.3)) that In this paper we focus on a precise holographic correspondence between N = 2 * gauge theory and Pilch-Warner (PW) geometry of type IIB supergravity [9] [10] [11] . There are two reasons for this particular choice:
2 We return to this in section 4. N = 2 * theory is a deformation of N = 4 SU(N) supersymmetric Yang-Mills theory.
Specifically, in the N = 2 language 3 , the field content of the latter includes a vector multiplet (a gauge field A µ , two Weyl fermions ψ 1 and ψ 2 and a complex scalar Z 3 ) and a hypermultiplet consisting of two complex scalar fields Z 1 and Z 2 and two Weyl fermions χ 1 and χ 2 . The mass deformation that results in N = 2 * gauge theory is a mass term for the hypermultiplet:
L N =2 * = L N =4 + m 2 Tr |Z 1 | 2 + |Z 2 | 2 + m Tr (χ 1 χ 1 + χ 2 χ 2 + h.c.) . (1.7)
As a result, as it was already shown in [7] ,
The second reason is an attempt to exploit the precision holography in a nonconformal setting in the context of large-N N = 2 * gauge theory [12] [13] [14] [15] [16] [17] [18] [19] . Notice that the Wick rotation of the closed de Sitter geometry is that of the four-sphere a zero dimensional matrix model [13] , which can be solved analytically in the large-N limit [14] [15] [16] [17] 19] , allowing for precision tests of the holographic correspondence. As we already mentioned, the holographic dual to L (m,0) N =2 * is a PW type IIB supergravity -the latter can not be a holographic dual to L (m,k =0) N =2 * : explicit computations of the holographic and the matrix model partition functions on S 4 demonstrated a disagreement [20] . Shortly after the disagreement was pointed out, the correct holographic dual to L (m,k)
N =2 * was identified [12] (BEFP) 5 . Of course, on the level of the effective actions, 3 We use notations of [12] . 4 The S 4 supersymmetry is unique up to a discrete choice represented by k → −k. 5 See [18] for a 10d uplift of BEFP geometry.
we have a consistent truncation BEFP k=0 = PW .
(1.11)
The previous computation of the rate (1.8) was performed at k = 0, and thus there is no chance of understanding this quantity from the matrix model perspective. This paper is an extension of the computations of [7] to R N =2 * (m,k) . We want to stress the following facts:
• We do not understand how to compute R N =2 * (m,imH/2) from localization. Neither do we understand the physical origin of the quantity 6 . We present the holographic computations of the quantity R N =2 * (m,k) in three cases:
for a real mass parameter µ.
• Notice that the first two examples are related by an analytical continuation of the mass parameter µ, and we hope might be accessible from the matrix model.
It is important to emphasize -as we review in details in section 2 -that the entropy density s ent (1.4) appears to be (from the holographic perspective) an intrinsically Lorentzian quantity. This is in contrast to a thermal entropy which can be understood holographically both in Lorentzian and Euclidean signatures (e.g., as an area of the dual black brane event horizon in Eddington-Finkelstein or (analytically continued) Schwarzschild coordinates).
Given [7] , the results presented here are not conceptually new and are technical in nature. Thus, we try to allocate to appendices as much details as possible, leaving only the physical aspects. In section 2 we compute R for N = 4 SYM. Of course the result is "zero" for this theory, but it illustrates the set of holographic tools used in computing R for more general models. In section 3 we compute (1.12). Since we will perform the computations in a different framework 7 from the one used in [7] , an
(1.13)
6 See section 4 for some comments. 7 The computational framework developed here is indispensable in understanding the "phase diagram" of late-time de Sitter states in confining models with spontaneous symmetry breaking, such as Klebanov-Strassler gauge theory [21] .
is an important test. Finally, in section 4 we present some comments on failed inter-
The purpose of this section is to set up/review holographic tools used to compute R.
We will do it in the simplest context possible, i.e., N = 4 SYM, which allows for a completely analytic discussion. The price we pay is a trivial result,
Consider a five-dimensional gravitational dual to to N = 4 SU(N) SYM 8 :
In what follows we set 9 the asymptotic AdS 5 radius L = 2, leading to the identification
A generic state of the gauge theory, homogeneous and isotropic in the spatial boundary coordinates x = {x, y, z}, leads to a dual gravitational metric ansatz 4) with the warp factors A, Σ depending only on {t, r}. Notice that the metric (2.4) is invariant under the residual diffeomorphisms as r →r = r − λ(t) [22] A(t, r) →Ā(t,r) = A(t, r + λ(r)) −λ(t) , Σ(t, r) →Σ(t,r) = Σ(t, r + λ(t)) . (2.5)
From the effective action (2.2) we obtain the following equations of motion:
6)
8 To further simplify the discussion we will use a consistent truncation to the metric sector only.
The discussion is readily extended in the presence of the bulk scalar fields, dual to N = 4 gauge invariant operators, see below. The conclusion is unchanged. 9 This is done to agree with the conventions in section 3.
as well as the Hamiltonian and the momentum constraint equations:
, and
Assuming the SYM background metric (for now we keep the scale factor a(t) arbitrary)
the bulk metric (2.4) has the near-boundary r → ∞ asymptotic behavior
The most general solution to (2.6)-(2.7), subject to the boundary conditions (2.9) takes 10) where λ(t) is an arbitrary function, as in (2.5), and r 0 is a constant. Without loss of generality we now set λ(t) ≡ 0.
The bulk metric (2.4) has an apparent horizon (AH) 10 at r = r AH where [22] 
Following [23, 24] we associate the non-equilibrium (comoving) entropy density a 3 s of the SYM with the Bekenstein-Hawking entropy density of the apparent horizon
Further, from [25] we identify the surface gravity κ suf of the dynamical AH:
For a stationary horizon the surface gravity is constant, and one identifies the Hawking temperature as
10 In general AH is observer dependent. It is natural to definite AH with respect to an observer reflecting the symmetries of the spatial slices -homogeneity and isotropy in x here. Note that as t → ∞, which is the limit where we define the entropy production rate R (1.2), the AH coincides with the event horizon.
Here, we are having a dynamical (non-equilibrium) horizon, and temperature is not well-defined -instead we define local temperature as 15) where T 0 ≡ r 0 /2. Notice that if the metric (2.8) expansion rate is positive, the local temperature redshifts as excepted for a thermal state of a conformal theory. While the comoving entropy density (2.12) is time-independent, the physical entropy density "dilutes": 
As expected [7] :
the stress-energy tensor is conserved as a consequence of the bulk momentum con-
the energy density and the pressure are just conformal transformations of the equilibrium thermal state (with T loc → T 0 ), properly accounting for the conformal anomaly; the trace anomaly is
We now discuss the late-time dynamics of the model in de Sitter space-time (1.1), from the SYM perspective, and from the bulk geometry perspective. Finally, we outline how the results can be obtained bypassing the construction of dynamical solution and focusing on the late-time limit directly. The latter makes an argument why (2.1) is true for more general states of the SYM, e.g., the states where some operators of the SYM (bulk scalars) are initially excited.
N = 4 SYM perspective
We take
The local temperature of the plasma is given by (2.15), the entropy density is given by (2.16), the energy density and the pressure are given by (2.17) . At late times we find
Thus, N = 4 late-time vacuum state in de Sitter is characterized by a cosmological constant, a vanishing local temperature, a constant comoving entropy density, and a vanishing physical entropy density. As a result,
Holographic dual perspective
The bulk geometry is characterized by two warp factors A and Σ (2.4). Note that as
One can either use the t → ∞ limit of (2.11), or compute the location of the AH directly in the "vacuum geometry" 24) to find
It is instructive to separate the range of the radial coordinate r ∈ [r AH,vacuum , +∞) into two subregions: r ∈ [0, 8H] [8H, +∞). Let's consider these subregions separately.
• r ∈ [8H, +∞):
In this case A v ≥ 0. With the change of coordinates
the vacuum gravitational dual geometry (2.24) takes form 28) we arrive at
which is dS 4 slicing of the Poincare patch AdS 5 geometry [26] . It is easy to see that one gets identical late-time bulk geometry for closed spatial slicing de Sitter boundary (1.1), see [7] . In the latter case,
There can not be any entropy assigned to (2.29)-(2.31). From the periodicity θ ∼ θ + 2π we can formally assign de Sitter temperature (1.5).
• r ∈ [0, 8H]:
Here, A v ≤ 0; this part of the geometry is completely invisible from the (Euclidean) de Sitter perspective, as in early studies of the holographic duality of strongly coupled gauge theories in de Sitter background space-time [26] [27] [28] [29] [30] . It is "discovered" by asking a dynamical question, i.e., what is the evolution of the holographic gauge theory in de Sitter 12 ? The proper bulk coordinates to address this question are the Eddington-Finkelstein ones, and in those coordinates the spatial location with
is not special; in fact, because of the AH condition (2.11)
12 Ref. [31] provides an explicit model of the dynamical evolution.
the spatial location (2.32) is outside the AH, and so to reach the AH one needs to extend the geometry for 0 ≤ r < 8H until the condition (2.33) is satisfied.
Working directly in vacuum geometry of the N = 4 SYM (2.24), since
the physical entropy density of the late-time de Sitter vacuum of the dual N = 4 SYM vanishes 13 (see (2.12)):
Notice that the surface gravity of the AH is negative
N = 4 SYM de Sitter late-time vacuum
Previously, we obtained the bulk geometry (2.24) dual to late-time de Sitter vacuum of N = 4 SYM plasma by constructing a dual to a dynamical evolution of the thermal state (see (2.4) and (2.10)) and taking the t → ∞ limit of the latter. The dynamical evolution can be technically quite involved, and is in fact unnecessary if one is interested in the late-time vacuum. Following [7] we introduce 37) and take the t → ∞ limit of the equations (2.6)-(2.7) instead
Solution of (2.38)-(2.39) (up to a shift of the radial coordinate) is (2.23).
The first advantage of this approach is the fact that to solve for the dual latetime vacuum geometry one needs to solve the system of ODEs (2.38)-(2.39), instead of PDEs (as in (2.6)-(2.7)), followed by t → ∞ limit. The second advantage is a 13 This limit is better defined using the last equality in (2.12).
conceptual one: the late time vacuum state is universal while the approach towards it depends on the details of the dynamical evolution of the chosen initial state. Indeed, the thermal state evolution discussed at the beginning of this section depends on a single parameter r 0 , which can be related to the local temperature T 0 of the plasma at a(t = 0) = 1, see (2.15); alternatively, it defines the constant comoving entropy density during the evolution (as in ( 2.12)). There is no memory of the r 0 in the energy, pressure or the physical entropy density of the late-time vacuum SYM. Notice that during the evolution of the thermal state, stress energy tensor behaves as
One expects 14 that a more generic homogeneous and isotropic initial state of the N = 4
SYM with initially a non-vanishing expectation value of an operator O of a fixed scaling
leading to the same late-time vacuum state as the one obtained from the evolution of the thermal state. Notice that in this more general setting the comoving entropy density would increase, saturating at a fixed constant leading to the same conclusion (2.1). This follows from the fact that such more general de Sitter space-time dynamics is Weyl equivalent to a thermalization dynamics in Minkowski space-time (see Appendix B of [7] ), in particular, the total comoving entropy produced in de Sitter dynamics is exactly the same as the total entropy produced in corresponding thermalization process of the conformal SYM in Minkowski space-time.
In section 2 we discussed the computation of R N =4 . We begin here outlining the strategy of computing the vacuum comoving entropy production rate R for N = 2 * gauge theory for select choices of the mass parameter m (see (1.7)) and the background 14 This is explicitly confirmed by the fact that de Sitter conformal theory vacuum is recovered in the limit of vanishing of the relevant couplings of the non-conformal QFT, see [7, 31] and the analysis of section 3.
space-time curvature coupling constant k (see (1.10)), i.e., R N =2 * (m,k) . We highlight the differences from the N = 4 SYM case.
• We follow approach of section 2.3 and after deriving the general evolution equations for homogeneous and isotropic state of the N = 2 * gauge theory in de Sitter (the analogue of (2.6)-(2.7)) we take the late-time limit to arrive at the vacuum equations (the analogue of (2.38) -(2.39)).
• Motivated by the discussion in section 2.2 we consider two subregions of the gravitational bulk geometry: from the asymptotic AdS 5 boundary to A v = 0, and from A v = 0 to the AH specified by (2.33). We use Fefferman-Graham (Schwarzschild) coordinates in the former subregion -this would allow us to make contact with BEFP numerical solution [12] . For the latter subregion we use the Eddington-Finkelstein coordinates. We implement transition between the two coordinate systems at A v = 0.
• The comoving entropy density is computed as in (2.35). Albeit here, contrary to the N = 4 SYM, we find that
• We mention in passing (see [7, 31] ) that the conformal limit (m, k) → (0, 0) is nonanalytic: while σ v evaluated at the AH horizon vanishes in this limit, it does so with a fractional power of the conformal symmetry breaking scale (e.g., see
eq.(3.1) in [31] ).
• As in [8] , the surface gravity of the AH is universally given by (2.36) for arbitrary (m, k), see (3.12).
BEFP and PW effective actions
Effective five-dimensional gravitational action, holographically dual to N = 2 * gauge theory is
where
3)
The bulk scalars {z i , α} are dual to the operators .7) and (1.10). Explicitly,
A consistent truncation
followed by a field redefinition 6) results in PW effective action [9] , implementing the deformation (1.7) 16 .
We are interested in late-time vacuum states of strongly coupled N = 2 * gauge theory in de Sitter. The gravity dual ansatz describing dynamical evolution of SO(4)-invariant states is
where the metric warp factors {A, Σ}, and the bulk scalar {z i , η}, are functions of (t, r).
The equations of motion obtained from (3.2) are given in (A.1)-(A.3). These equations has to be supplemented with the asymptotic r → ∞ boundary conditions implementing 15 See [18] for the 10d type IIB supergravity uplift. 16 The stability of PW⊂BEFP embedding for the thermal states of N = 2 * plasma (with k = 0) was studied in [32] .
the gauge theory background de Sitter space-time (1.1), and the deformation coupling constants (m, k):
To derive the late-time geometry dual to N = 2 * vacuum in de Sitter, we introduce following [7] lim t→∞ η(t, r) , z(t, r) ,z(t, r) , A(t, r) ,
The full set of the vacuum equations is given in (A.4)-(A.5). The first of the constraint equations in (A.5)
is very important. Given the location of the AH, 12) i.e., the surface gravity of the late-time AH is universal -it does not depend on the mass deformation parameters (m, k). However, it is straightforward to verify the the following first-order equations an algebraic expression for A v , In what follows we set
The correct H-dependence can be recovered from the dimensional analysis.
Introduce a new radial coordinate x ∈ (0, x * ] covering the first bulk subregion (see 18) implementing the transformation from EF (3.7) to FG coordinate system
where x * is defined so that
Resulting equations 18 for {z v ,z v , η v } and s v , defined as 21) are collected in (B.1). They must be solved numerically subject to the following asymptotes:
18 As in [12] , the bulk scalars z andz should be understood as being independent for "supersymmetric" RG flows. • asymptotic AdS boundary, i.e., x → 0 + ,
where v = v(µ) is a single UV parameter; 24) thus, both the bulk geometry and the scalars are smooth in the vicinity of x * .
Holographic renormalization of the model, along with the result for the free energy computed from the localization [14] , makes a specific prediction for v(µ) [12] :
Using the shooting method developed in [33] , we recover numerical results of [12] , and confirm the prediction (3.25): fig. 1 shows v(µ) (left panel, solid blue curve) and v prediction (left panel, dashed red curve) and the residual δv (right panel)
To compute the comoving entropy production rate R N =2 * (m=iµ,k=µH/2) we need an access to the second subregion of the bulk geometry with A v ≤ 0, see discussion in section 2.2. This is done returning to the original ER coordinate r, see (3.18) . Introduce
The holographic equations of motion in ρ coordinate are simply (3.13) with
For small ρ < 0 we obtain from the perturbative integration of (3.18) 
which is used to set up the asymptotic initial conditions from (3.23) 
Combining (3.10) and (3.11) we have 33) where in the second equality we used explicit expression for A v (3.14) and the RG flow equations (3.13). Eq. (3.33) motivates introduction of the AH-monitoring function PSfrag replacements 
= 11.420(6) .
(3.38)
We collect R results for different values of µ at the end of this section.
We now outline the differences in the second example considered
All the analysis proceed literally unchanged once we introduce PSfrag replacements PSfrag replacements 
Eq. (3.25) now readsv
Numerical results forv(µ) and the residual δv
are collected in fig. 3 . (m=µ,k=iµH/2) (right panel) as a function of µ/H. Unlike (3.25) and (3.42), we have been unable to guess the analytic expressions for R. As we already stated in section 1, the challenge for the localization is to reproduce the predictions reported here.
there is no (Euclidean) supersymmetry, and the holographic RG flows are of the second order, see (A.4) and (A.5). We discuss this case in some details, as the techniques developed are vital for understanding de Sitter vacua of cascading gauge theories [21] .
We use a new radial coordinate x ∈ (0, ∞) covering the first bulk subregion (see
implementing the transformation from EF (3.7) to FG coordinate system
where we impose
which ensures that the geometry (3.46) is smooth in the limit y ≡
The full set of the vacuum equations of motion obtained from (A.4) and (A.5) is collected in appendix C. Note that we introduced
Equations (C.1) must be solved numerically subject to the following asymptotes:
• asymptotic AdS boundary, i.e., x → 0 + ,
where we showed explicitly the dependence on normalizable coefficients {z 1,2,0 , z 2,3,0 , h 1 , e 2,0 }; the parameter 19 κ = {±1, 0} corresponding to k = κµ/2; Parameter h 1 remains unfixed in UV; this is related to the residual symmetry of the metric ansatz (3.45)
This symmetry is fixed with the boundary condition in IR, see (3.47).
We use the numerical shooting method adopted from [30] to construct RG flows for various values of µ and κ = {1, 0} realizing the first subregion of the dual geometry as per discussion in section 2.2. To compute the comoving entropy production rate R N =2 * (µ,κµ/2) we need an access to the second subregion of the bulk geometry with A v ≤ 0. This is done returning to the original ER coordinate r, see (3.18) . Introduce
The holographic equations of motion in ρ coordinate are simply (A.4) with
Given (3.51) and the identification ρ ≡ −y, it is trivial to provide asymptotic initial conditions for (A.4) (eqs. (A.5) are satisfied as well, but we will not use them) Right panel shows comparison of the results for R N =2 * m=µ,k=0 obtained using the method discusses here (solid blue curve) and the equivalent results obtained in [7] (dashed black curve). (and rapidly improving) for µ > H. This validates the computational method for the comoving entropy production rate R developed here.
Sfrag replacements
µ 2 /H 2 16π N 2 · R N =2 * (µ,κµH/2) 16π N 2 · R N =2 * (µ,
PSfrag replacements
µ 2 /H 2 16π N 2 · R N =2 * (µ,κµH/2) 16π N 2 · R N =2 * (µ,0)
Discussion
This paper is a continuation of the exploration of de Sitter vacua of non-conformal gauge theories initiated in [7] .
Thermal equilibrium states of interacting QFTs in Minkowski space-time are (typi-cally 20 ) universal end-points of late-time dynamical evolution. Likewise, de Sitter vacua of interactive QFTs are also universal end-points of late-time dynamical evolution [7] .
However, these vacua are definitely not the equilibrium states. There are simple ways to see this:
first, it is inconsistent to recast late-time evolution in de Sitter as hydrodynamicsthe "local temperature" dilutes with the metric scale factor as e −Ht , while the typical velocity gradients remain constant |∂u| ∼ H, and thus the standard hydrodynamic approximation, i.e., |∂u|/T loc ≪ 1 is not valid;
second, there is no comoving entropy production in equilibrium states; here, unless the quantum field theory is conformal, there is non-vanishing comoving entropy production rate R at late time Ht ≫ 1.
The comoving entropy production rate R in de Sitter vacuum implies that there is a nonzero vacuum entropy density
The latter quantity is renormalization scheme independent, and might serve as a valuable tool to classify symmetry breaking phases of the theories in de Sitter 21 .
In this paper we expended the computations of R in N = 2 * gauge theory in [7] , including the curvature coupling k (see (1.10)). We showed that unless both µ = 0 and k = 0 (see fig. 6 for results for R N =2 * (m=0,k=µH/2) ; this is a special case of the general approach considered in section 3.3) the comoving entropy production rate is non-zero. We developed a new approach towards computation of R: the dual gravitational geometry is split into two subregions -from the asymptotic AdS boundary to g tt = 0, and from g tt = 0 to the apparent horizon -with Fefferman-Graham (Schwarzschild) coordinates used in the first subregion, and the Eddington-Finkelstein coordinates used in the second subregion. The transition between the two subregions is implemented at g tt = 0. This approach differs from the one employed in [7] , where the Eddington-Finkelstein coordinates covered the whole bulk geometry. We showed that both methods produce identical results, whenever appropriate. The advantage of the newly proposed method in that it allows the computation of R in the theories where it is difficult (impossible?) to define the asymptotic Eddington-Finkelstein coordinates (as it is in the case of cascading gauge theories [21] ). 20 There are exceptions [34] . 21 We discuss this in forthcoming publication. For generic values of (m, k) there is no supersymmetry. However, when [12, 13, 18] . Powerful techniques of supersymmetric localization exist to compute plethora of properties of strongly coupled N = 2 * gauge theory without resorting to holography [13] [14] [15] [16] [17] 19] . We computed R N =2 * (m,k=imH/2) in section 3.2. We hope that the supersymmetric localization of [13] will ultimately shed light on this quantity and its physical origin.
We conclude with our two failed attempts to interpret s ent .
s ent as a thermal entropy of pair-produced particles
In a dynamical expanding Universe a minimally coupled free massless scalar field experiences particle production. While particle pair production in different momentum modes are independent events, pairs produced in a given mode correlate. Local observers will be unable to detect the correlations for produced pairs separated by cosmological scales. As a result, the observed spectrum of produced particles is thermal 22 .
For an interactive quantum field theory in de Sitter space-time one expects that the pair production will be incoherent at late times, leading to a thermal spectrum with de Sitter temperature T dS (1.5) (see also [36] ). Thus, it is tempting to identify
Unfortunately, the identification (4.3) can not be correct:
it is incorrect for conformal field theories, where s
as fig. 7 shows, it is also incorrect for N = 2 * gauge theory. 
From fig. 7 it is clear that there is no obvious relation between s ent and a "subtracted" thermodynamic entropy
-at the very least, by definition, s subtracted vanishes for CFTs.
s ent as a thermodynamic entropy of the localization free energy at T = T dS
In holographic thermodynamics, the thermal free energy density f thermal is related to the renormalized Euclidean bulk gravitational action I E as follows 
We would like to apply (4.8) to I E = F , with F computed either via supersymmetric localization [14] or in holography [12] (up to scheme dependence, both computations agree). Using 9) where the radius of S 4 is ℓ S 4 = 1/H, we find 16π the arbitrary coefficients α i parameterize the full renormalization scheme dependence [20] . Applying the first law of thermodynamics to f thermal with H = 2πT dS , we identify 12) where 16π 13) parameterizes the scheme dependence. If we require the correct CFT limit (see (1.3)),
we must set α 0 . The ambiguity then is in the choice {α 1 , α 2 }.
In fig. 8 we attempted to adjust the coefficients {α 1 , α 2 } to match R loc and R
computed in section 3.2. The blue curve (left panel) represents 14) and the right curve (left panel) represents the best fit to (4.14) using (4.13) with α 0 = 0.
The residual of the best fit is shown in the right panel. Clearly, the interpretation for 15) attempted in this section, is incorrect.
Taking the late-time limit, and using (3.9), we find:
along with the constraints
It is straightforward to verify that constraints (A.5) are consistent with (A.4).
B (m, k) = (iµ , µ/2) equations of motion
In FG coordinate system (3.19) the gravitational equations of motion take form:
This coordinate system covers the first holographic bulk subregion (see discussion in Since the bulk viscosity bound is automatically saturated for Kaluza-Klein (KK) reductions of higher dimensional conformal gauge theories to three spatial dimensions [37] , (D.1) and (D.2) strongly suggests that N = 2 * IR thermodynamics is a KK reduction of that of emergent CF T 5 23 . This is indeed the case [38] .
Following [38] , consider the N = 2 * vacuum in a holographic dual, the PW geometry [9] . The IR limit corresponds to χ → ∞, thus, introducing a new radial coordinate where, using the PW five-dimensional Newton's constant G 5 ,
(D.8) 23 Recall that in CF T d , c 
